Using Feferman-Vaught techniques a condition on the ne spectrum of an admissible class of structures is found which leads to a rst-order 0{1 law. The condition presented is best possible in the sense that if it is violated then one can nd an admissible class with the same ne spectrum which does not have a rst-order 0{1 law. If the condition is satis ed (and hence we have a rst-order 0{1 law) we give a natural model of the limit law theory; and show that that the limit law theory is decidable if the theory of the directly indecomposables is decidable. Using asymptotic methods from the partition calculus a useful test is derived to show several admissible classes have a rst-order 0{1 law.
Front-loaded classes
We will continue using the notation of Part I, the rst paper 1] of this sequel.
First we study, in an abstract setting, the key property of ne spectra which su ces to prove 0{1 laws exist. In this section a subscripted lower case letter is used for members of a sequence, e.g. (a n ), and the corresponding upper case letter for the partial sum function, e.g. A(x) = P n x a n . Lemma 1.1. For (a n ) a sequence of non-negative integers the following are equivalent:
(a We also obtain further equivalent statements by replacing tx by t=x in (a), and nx by n=x in (b).
Proof. Regarding the`for all x' versions one has (a) =) (b), (c).
Likewise for the`for some x' versions. Also, in each case the`for all x' version implies the`for some x' version. Thus for the equivalences (a){(c) it su ces to show that the`for some x' versions of (b), (c) each imply the`for all x' version of (a). Given any x > 1 choose a positive integer s such that 1 < x < u s . Then 1 A(tx) A(t) A(tu s ) A(t) implies lim
Next suppose the`for some' version of (c) holds. Choose u > 1 such that lim
Then, for u n t u n+1 , we have u n+1 tu u n+2 , and then A(u n+2 ) A(u n ) A(tu) A(t) 1;
Now, as in the previous case, we have, for any x > 1,
To see that one can replace nx by n=x in (b) it su ces to note the following:
A(2bnxc) A( 1 2x (2bnxc))
A(nx) A(n) 1;
The same argument shows that one can replace tx by t=x in (a). Definition 1.2. A sequence of non-negative integers (a n ) is said to be front-loaded if A(x) is slowly varying, i.e., for all x > 0,
A class K of nite structures is front-loaded if its ne spectrum is frontloaded.
Theorem 1.3. The Dirichlet convolution product of nitely many frontloaded sequences is front-loaded.
Proof. It su ces to consider two front-loaded sequences, say (a n ) and (b n ). We want to show that the sequence (c n ) de ned by c n = P mjn a m b n=m is front-loaded. Now C(x) = X k x a k B(x=k):
We have to prove, for x > 1 and > 0, that there is a t 0 (x; ) such that C(tx) (1 + ) C(t) for t > t 0 (x; ):
Since the b-sequence is front-loaded, B(tx) ( 
since the a-sequence is front-loaded, which completes the proof.
The next item is essentially Lemma ZZZ of Part I. (a) K has a rst-order 0{1 law.
(b) Let R be a selection of representatives from the isomorphism equivalence classes of F, and let T = ( R) ! . Then, for a rst-order sentence, Prob K ( ) = 1 i T j = .
(c) If the rst-order theory of F is decidable then so is the limit law theory of K, i.e, the set of rst-order with Prob K ( ) = 1.
If, on the other hand, K is not front-loaded, then there is an admissible K 0 with the same ne spectrum as K, and K 0 does not have a rst-order 0{1 law.
Proof.
(a) Examining the proof of part (a) of Theorem XXX in Part I we see in the front-loaded case that p j 0 ;:::;j`? 1 = 0 if any j i < c. Thus at most one nonzero term survives in the formula for the cumulative probability of , namely p c;:::;c , and this term has the value 1. (c) Suppose Th(F), the rst order theory of F, is decidable. Given a rst-order sentence we now show how to e ectively determine if T j = , i.e., how to determine if is in the limit law theory. Note that, up to ordering of the conjuncts, each F i is determined by a unique constituent, say by i . Thus we can determine the`in the proof of part (a) by determining the constitituents which have models in F. And we can do this by using the decidability of Th(F), namely a constituent has a model in F i : = 2 Th(F). Case 3: Prob K 0( ind ) = 0. Without loss of generality regarding the ne spectrum being considered we can assume that (?) for every relation symbol r of the language there is a corresponding function symbol f r such that for each nontrivial A 2 K 0 we have r(a 1 ; : : : ; a n ) holds i f r (a 1 ; : : : ; a n ) = a 1 holds, where a i 2 A.
Given a member A of K 0 one can use the ternary discriminator to nd a rst-order sentence A which, for members of K 0 , says \A is a factor". The number of structures, up to isomorphism, in F 0 must be in nite; for otherwise we could use Theorem 1.3 to show K is front-loaded.
For k a positive integer let <k be a rst-order sentence which, for members of K 0 , says \there is a non-trivial factor of size less than k". >From our assumptions follows Prob K ( <k ) = 0. Choose positive integers n 1 < n 2 < such that Thus we see that, among the admissible classes K, those for which knowledge of the ne spectrum alone is su cient to conclude a rstorder 0{1 law are precisely those which are front-loaded. An example of an admissible K where more information is needed is the class of nite sets. We already mentioned that it is loaded, and thus has a rst-order law; however it is well-known that it has a rst-order 0{1 law. This K is clearly not front-loaded, so more information than that given by the ne spectrum is required to deduce the 0{1 law. for all su ciently small (or large u) since this is equivalent to there being a N such that x > 0 ! c(x) = 1. Thus the sizes of the nite directly indecomposables of V form the sequence (2 n ). By Theorem 3.5, K has a rst-order 0{1 law. From Skolem's work we know that the theory of nite Boolean algebras is decidable; and using this one can give a straightforward proof that the theory of the nite directly indecomposables of V is decidable. Thus, by Theorem 2.1(c), the limit law theory of K is decidable. Example 3.7. Let V be the variety of Heyting algebras generated by the three element chain. Again we have a congruence distributive variety, and thus unique factorization. Let K be the nite members of V. The directly indecomposables of V are precisely Boolean algebras with a new 0 adjoined. Thus the sizes of the nite directly indecomposables of V form the sequence (2 n + 1). By Theorem 3.5, K has a rst-order 0{1 law. Again Skolem's work leads to a straightforward proof that the theory of the nite directly indecomposables of V is decidable. By Theorem 2.1(c) the limit law theory of K is decidable. Example 3.8. Let p 1 ; : : : ; p`be a set of prime numbers. Let K be the set of nite abelian groups whose exponent divides some power of p 1 p`. Then the directly indecomposables fall into`classes with the growth of the i th class being the exponential sequence (p n i ). Consequently K has a rst-order 0{1 law by Theorem 3.5.
By Theorem 2.1(b) one has Prob K ( ) = 1 i is true of the abelian group
(Z p n i ) ! :
